Local scale invariance and strongly anisotropic equilibrium critical systems 
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A new set of infinitesimal transformations generalizing scale invariance for strongly anisotropic 
critical systems is considered. It is shown that such a generalization is possible if the anisotropy 
exponent 6 = 2/N , with = 1, 2, 3 . . .. Differential equations for the two-point function are derived 
and explicitly solved for all values of A'^. Known special cases are conformal invariance (A'' = 2) and 
Schrodinger invariance (A'^ = 1). For N = 4 and A'^ = 6, the results contain as special cases the 
exactly known scaling forms obtained for the spin-spin correlation function in the axial next nearest 
neighbor spherical (ANNNS) model at its Lifshitz points of first and second order. 
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The notion of scale invariance is central to the present 
understanding of critical phenomena. Here we are in- 
terested in strongly anisotropic criticality. There are 
many physical examples of this, like critical dyjaamics 
and nonequilibrium dynamics ,lj domain gcowthjj mag- 
netic systems with competing interactionaJ or particle 
reaction systems such as directed percolation. By defi- 
nition, these systems are characterized by the condition 
that the critical two-point functions C transform under 
rescaling as 



C{br,b''t) = b~'''C{r,t) 



(1) 



where r, t label 'space' and 'time' coordinates, a; is a scal- 
ing dimension and = I'w/i'x is the anisotropy exponent 
(in many cases, it is also referred to as the dynamic ex- 
ponent z). In this letter, we confine ourselves to strongly 
anisotropic equilibrium systems. 
Eq. (|l|) can be rewritten as 



(2) 



where $(u) is a scaling function. Some information on 
the form of $(u) is readily available. For r = 0, one 
expects C(0,i) ^ ^-^x/e t = 0, one expects 

C(r, 0) r~^^. This implies $(w) ~ $o for m ^ and 



for 



oo, where $o,oo are generi- 



cally non- vanishing constants. 

Is it possible to obtain more information about <i>(w) 
on a general basis without going back to explicit model 
calculations ? 

Indeed, this has been affirmatively answered in two 
cases. First, for isotropic critical systems, that is for 
— I, the extension of eq. (|^) to space-dependent rescal- 
ing factors b = 6(r ) leads to the requirement of conformal 
invariance of the correlation functions .□ (We are not go- 
ing to restrict ourselves to two dimensions and shall thus 
sidestep the extremely powerful and elegant work done 
in 2D, as initiated in Ref. ||.) Then the critical two-point 
correlation function is, up to normalizatioro 

C(r ) = {Mri)Mr2)) = <5.„x. In - rsp^^^ (3) 

where xi^2 are the scaling dimensions of the (scalar) fields 
4'i,2 which are assumed to be quasiprimary in the sense 
of Ref. |. 



Second, for 9 = 2, the extension of eq. (|^) to space- 
time-dependent scaling b = b{fL£) leads to the require- 
ment of Schrodinger invariance.au Since this corresponds 
to the 'non-relativistic' limit of the conformal group,El lo- 
cal fields (jji are characterized by two quantum numbers, 
the scaling dimensions Xi and the masses Aii > 0. For 
scalar quasiprimaHs fields, the two-point function is, up 
to normalizatiorollj 



!.l(fi,ti)(/.;(f2,i2)) = <5,,^,, (<i - i2)-"^ 

Ml (ri - f2)2~ 



• Smi,M2 exp - 



t2 



(4) 



with ti > t2- In comparing eqns. (|3|,^, we note that 
the first line of (^) is similar to the conformal invariance 
result, while the terms containing the masses reflect the 
non-relativistic nature of the problem for 6 = 2. For 
0=1, eq. (^ is completely standard and there are quite 
a few statistical mechanics models with 9 = 2 which re- 
produce (|), see Refs. 

What are common features of conformal and 
Schrodinger transformations which might serve as a basis 
for generalizing beyond = \,2 1 For notational simplic- 
ity, we shall work from now on in two 'space' dimensions 
or one 'time' and one 'space' dimension, respectively, but 
the generalization to any number of dimensions is im- 
mediate. Working in (complex) light-cone coordinates 
z = X + iy,z = X — iy, the conformal transformations are 



■f3 



"fZ ■ 



aS — (3"f = 1 



(5) 



and similarly for z. The infinitesimal generators are 
£n = — and satisfy the commutation relations 



[£n,im] = {n- m)£n+m- The set -j 
Mobius transformations (||) . The s 
tions of the Schrodinger group are 



-±ii^o} generates the 
pace-time transforma- 



at + (3 I r + vt + a 

"ft + 5 ' ''^'■^ ^t + 5 



(6) 



1 



(with aS — = 1) which contains the Gahlei group as a 
subgroup. As is well known from non-relativistic quan- 
tum mechanics, the wave function ip{r,t) transforms un- 
der a unitary umjective representation lA of the Galilei 
transformationE3 



exp 



— {v^t + 2vr) 



'ilj{r + vt,t) (7) 



where m > is the mass of the particle. This gives rise 
to the Bargmann superselection ruleE3i3 already present 
in (^) . If a wave function ip is characterized by the mass 
m > 0, its complex conjugate tp* is characterized by — m. 
This correspondence between a field cj) and (p* is to be 
kept when going over to diffusive behaviour m —^ iM.. 
An analogous statement applies to the full Schrodinger 
group.LfEj The infinitesimal generators must therefore 
contain mass terms and may be written in the formc3 



-t^ dt — t rdr ^ — : -Mt r 



(8) 



and the non-vanishing commutators are 

[Xn, Xjn] = (n - m)Xn+m , [Xn-, Y^] = - fTlj Yn+m 

[Xn, Mra] = -mM„+„ , [Y^, Y^] = {n- m)Mn+m 

The set {X±i, XQ,Yj-i/2, Mq} generates the transforma- 
tions (|). 

We now specify the conditions under which we shall 
attempt to consider an arbitrary value of the exponent 
9. These conditions are formulated as to remain as close 
as possible to the known situations of either conformal 
or Schrodinger invariance. 

1. Since in both cases, Mobius transformations play a 
prominent role, we shall seek space-time-transformations 
which in the 'time' coordinate undergoes a Mobius trans- 
formation 



t^t' 



at + P 
jt + S 



aS — l3j = 1 



(9) 



2. The generator for scale transformations should read 
Xq = -tdt - \rdr. 

3. Spatial translation invariance is required. 

4. The generators should contain 'mass' terms, built in 
analogy to the mass terms for 61 = 2 in (||). 

5. We want to use these transformations to derive differ- 
ential equations for the two-point functions. We shall 
require that when applied to a two-point functions, 
the generators will yield a finite number of indepen- 
dent conditions. Thus the operators applied to the 
two-point functions should provide a realization of a 
finite-dimensional Lie algebra. 

We now proceed to list the consequences of the above 
assumptions. The generator X„, n = —1,0,1 of the 



Mobius transformations must contain the term X„ = 
—t"^^dt + ■ ■ ■ and thus satisfy the commutation relations 
[Xn,Xm] — (n — m)Xn+m- In order to keep the 'confor- 
mal' structure of the transformations, we must require 
that these commutation relations are also satisfied by the 
final generators A"„. Then the explicit form of Xq implies 
that up to mass terms, X„ = — — 0"^(n-t- l)t"r9,.. 
Next, we study the action of X„ on the space transla- 
tion operator —dr- We shall write 9 = 2/N and define, 
up to mass terms, the operators Ym = — with 
TO = —N/2 + k, k — 0,1, . . .. The nonvanishing commu- 
tators of X„ and Ym are 



[Xn,X,n] = {n- m)X, 



n+rn 



(10) 



[Xn, Yfn] — ^ 



TO 1 y» 



In particular, [Ai, r_jv/2+fe] = (A^- fc)^-w/2+/c+i- Thus, 
the repeated action of X\ on Y_jq/2 = —dr is creating an 
infinite set of generators. This can only be truncated if 
A = 2/0 is a positive integer, A^ = 1,2,.... Therefore 
the list of possible values of 9 is 



2 2 12 1 

A ~ '^'3' 2' 5' 3' 



(11) 



A few remarks are in order. The 'conformal' proper- 
ties of the tranformations sit in the 'time' direction. It 
should thus be the temporal degrees of freedom which 
render the system critical. Therefore one should expect 
that the results for the two-point function to be derived 
below should apply independently of whether or not the 
'spatial' degrees of freedom by themselves furnish a crit- 
ical system. One might think of interchanging the roles 
of 'space' and 'time' coordinates and thus obtain a set 
of anisotropy exponents 9 — i, 1, |, 2, . . .. To do this, 
however, one must impose 'conformal' invariance on the 
spatial degrees of freedom and this means that the spa- 
tial degrees of freedom alone should describe a system 
at a critical point. While that would be fine for a study 
of critical dynamics, many other examples of strongly 
anisotropic critical systems are not at a static critical 
point. In (1 -|- 1)D, however, this distinction should not 
be very important, since a one-dimensional subsystem 
with short-ranged interactions cannot order by itself. 

Finally, we have to see whether it is possible to in- 
clude mass terms into the generators A„ , Ym without 
spoiling the commutator relations (10). Indeed, this can 
be done. The details of this calculation will be presented 
elsewhere, here we merely quote the result. One solution 
for the generators Xi and Y_j^j2-\.i (which generate the 
so-called 'special' and 'Galilei' transformations) is 



Xi = - fdt - Ntrdr 
Y^Nl2+\ = -Mr - —rdt 



N-l 



(12) 



where a is a dimensionful, in general non-universal, con- 
stant which parametrizes the mass term. When apply- 
ing these generators to a two-point function C = {(t)i(t>2) 
where the fields are characterized by two quantum num- 
bers: the scaling dimension Xi and the 'mass' ai, consis- 
tency can only be achieved if 



2 



ai 



(-ira2 



(13) 



We point out that for systems with TV even, the distinc- 
tion between ip and </)* becomes unnessary. In principle, 
it is even possible to introduce a universal mass constant 
a which is the same for all fields. On the other hand, for 
N odd, the ai must be kept as peculiar quantum num- 
bers of the fields (pi. To each field (pi, characterized by 
the numbers {xi,ai), there is a conjugate field (p* char- 
acterized by {xi,—ai). Furthermore, it can be checked 
using (|l3|) that the two-particle operators built from the 
Xn, Ym provide on C a realization of the Lie algebra (10). 

Two special cases can be easily recognized. For N = 2, 
we recover the familiar conformal algebra, with Xn ~ 
(■n + and Yn = i{£n — in), n = —1, 0, 1, provided that 



the 



(where c is the speed of light, nor- 



mally set to c = 1 when introducing light-cone coordi- 
nates z.z = t± ^/ar). For = 1, we recover the gener- 
ators (H) of the Schrodinger algebra, with ai — \Mi. 

We are now ready to calculate the two-point function 
explicitly. If xli^ is the generator Xn acting on particle 
a, a = 1,2 (and similarly for the Fm), the two-particle 
operators are X„ = X^^ + Xn'' ■ We are interested in 
the two-point function 



G(ri,r2;ti,t2) 



in,h)p>;{r2,h)) 



(14) 



and the covariance of G is expressed through the condi- 
tions (meaning that the (pi are quasiprimarju) 



XqG 



'-^G , X,G^r-^t, + '-^t,]G 



X_iG = Y„,G = 



(15) 



withm = -iV/2, -iV/2 + 1, . ..,N/2. We write t = ii-ij 
and r — ri — r2- In addition, we put C = (a^i + X2)/9. 
The scaling of the two-point function can be written as 



G — G(r, t) — 5xi,x2 <5qi,q2 



-2X1 



(16) 



where Q,{v) satisfies the differential equation 

ail7(^-i)(w) - v^n'{v) - Cvn{v) = (17) 

subject to the boundary conditions il{0) — cste. and 
il{v) ^ v^'' as w — > oo. The general solution (for N > 2) 
of equation (n% is 



N-2 
p=0 



T - P ( 1-1 -1- ^ 1 V+2^,_V__ 

^p-2F^^l(^,l,H-^,l + ^,...,^,^^lvr2^ 



(18) 



where 2^V-i is a generalized hypergeomctric function 
and the 6„ are free parameters. In ordcri-to check the 



is sufficient to cancel the entire exponential contribu- 
tion. Eliminating bfq_2, the final result becomes ^{v) 



boundary conditions, we recall the knownEJ asymptotic E^=o^ ^p^p(^)' "^^^^ ^ 0. The asymptotic behaviour 



behaviour of the Tp. The leading behaviour for t; — > oo 
for each term is of the order exp(v4(iV - 2)v^/^^-'^'^), 
where the constant A> 0. For iV > 3 the condition 



N-2 



r(p + i) 



N 



p/N 



= 



(19) 





GO 



(20) 



is found to be in complete agreement with the requested 
boundary conditions, where 



nr. 



r(p-fi) r(^^)r(i^i^^a^yp+2-iv)/iv^^_^^ 



r(^^)r(2±i) r(7v-i) 



N-2 



(21) 



/ (c+p)/jv r(^) r(p + 1) ^ 

^^'^ r(i-c) r(H±i) r(E±C)sin(f(p + c))sin(^(c-2)) 



(22) 



Eq. (|l|) together with eqs. (|l8|,^ or (|l]) gives the 
solution to our question. After normalization, TV — 3 of 
the parameters hp are still arbitrary. 

It remains to be seen whether there exist examples 
which do reproduce these predictions. Here, we shall con- 
sider the spin-spin correlator in spin systems with axial 



next nearest neighbor interactions 
tonian is 



The spin Hamil- 



n 



i +1 



(23) 



where Si is a 0{n) vector spin and the first term (J > 



3 



0) describes nearest neighbor ferromagnetic interactions 
while the second term {k > 0) contains next-nearest 
neighbor interactions along a single axis. By definition,t3 
the meeting point of the paramagnetic, ferromagnetic 
and incommensurable phases of the model is termed 
a Lifshitz point (of first order) and is known to show 
strongly anisotropic scaling, with correlation length ex- 
ponents = Vii, i>± = i/£2 measured parallel and 
perpendicular to the axis. Xhe anisotropy exponent 
= = 1/2 independentlytj of the value of n. This 

corresponds to = 4. The fact that — ^ stays fixed at 
its mean-field value may point toward the existence of-a 
hidden symmetry which prevents its renormalizationJl3 
In the. n — + cxD limit one recovers the spherical (or 
ANNNSu) model and the spin-spin correlation function 
C(r||,rx) = (■^ry .p^Sq (j) at the Lifshitz point is exactly 
known in d dimensions. The result is0 



C(r II, r_L )= Co r^' ' ^' — — 



1 ^11 
32c2 r±_ 



(24) 



where Cq and C2 are known (non-universal) constants, 
(i» is the lower critical dimension and 5'(a,a;) = 

Sfelo nfc/2+3/4) ■ '^^^ '^^^^^^ hand, for iV = 4 
eq. (^6|) gives G{r,t) ~ r~^/^f2(w). As for the scaling 
function fl{v), we have from ISWj that for TV = 4 



'ai 



(25) 



Thus, with the correspondence i <-> r|| , r <-> and 
ai = 8c2, the order parameter scaling function for the 
ANNNS model at the first order Lifshitz point is exactly 
reproduced for the parameter^value bi = 0. 

Higher order Lifshitz points can be reached by adding 
further axial interaction terms in (|2^). Second order 
Lifshitz points correspond to 6* = ^or = 6. Wc 
have checked that the exactly knowii-spin-spin correla- 
tion function for the ANNNS modeO does agree with 
the scaling form (|2l]). 

A tempting open question is whether the scaling func- 
tion of the spin-spin cogpelator of the ANNNI model 
at the Lifsiutz point (intl 313), which still corresponds 
to iV = 4|la can be described in the same framework 
with a different value of bi. Recently, a new asymmet- 
ric six-vertex model with a, 9 — critical point has 
been described.E3 Further examples might be provided by, 
the superintegrable chiral iV— state Potts model, whereta 
Vr = 2/iV, Vx = 1 dkt the self-dual point or else by a non- 
hermitian quantum pChain obtained from the asymmetric 
clock model, whercEj = 0.95(4) and Vr = 0.67(4). 
The possibility of applying the above scheme to the KPZ 
equation,El_which in (1 + 1)D has 6* = |, seems worth 
exploring.Ed Finally, it appears possible to extend the 
present approach to yield the scaling forms for the r£=. 
spouse functions out of equilibrium (as already checkedt2l 
in a few cases for Schrodinger invariance) and to higher 
point functions. This will be reported elsewhere. All 



in all, further explicit model results will be needed in 
order to gauge the merits of this or any other general 
approach to strongly anisotropic scaling. 

In conclusion, we have examined a set of infinitesi- 
mal transformations which for 6 = 2/N, N = 1,2,3,... 
generalize scale invariance. We have seen how to cal- 
culate from these the two-point functions for strongly 
anisotropic equilibrium critical systems. Lifshitz points 
in the ANNNS (spherical) model apparently provide 
model examples which realize these transformations. 
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Comparison with the scaling function for A'' = 3 would 
imply an interchange of time and space, as discussed 
above. This interchange might not be trivial, since the non- 
linearity of the KPZ equation does not enter into the spatial 
correlations (J. Krug, priv. comm.). Work along these lines 
is in progress. 
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